where π : A → A/K is a quotient of abelian varieties, and a Y and a W are the Albanese morphisms of Y and W respectively. We set
and H X = h X * (O X (jK X ) ⊗ J (||(j − 1)K X ||).
By Lemma 3, we have
We denote by F Y ⊂ F X the two sheaves in (2) respectively, and by Q the quotient sheaf. Hence we have a short exact sequence:
of sheaves on A/K. Let P j (X) = P j (Y ) = M > 0. By Theorem 11.1.8 and Proposition 11.2.10 in [La] , we have
Similarly to (3), we can also prove that:
) is a nonzero torsion-free sheaf. Since h Y is a model of the Iitaka fibration of Y whose general fibers are birational to abelian varieties (see Proposition 2.1 in [HP] ), the latter sheaf has rank 1. So the rank of H Y is also 1. We have the same situation for h X , hence the rank of H X is again 1.
On the other hand, we have the following claim.
In order to prove the Claim, we want to apply Proposition 2.3 in [HP] , namely, we just need to prove that
, for all j ≥ 0 and all P ∈ Pic 0 (A/K). We will first prove that when j ≥ 1. By Lemma 3.1 in [J] , we have
for all P ∈ Pic 0 (A/K) and all i ≥ 1. As in Lemma 3.7 in [J] , we can prove that
for all j ≥ 1, as follows. First we take a very ample line bundle H on A/K such that, for all k ≥ 1 and j ≥ 0,
and R j a W * F Y ⊗ H and R j a W * (g * F X ) ⊗ H are globally generated. Again by Lemma 3.1 in [J] ,
for all j ≥ 1. Therefore, by Leray's spectral sequence and (6), we conclude that
Applying the Leray spectral sequence to (4), by (5), we get that, for all i ≥ 1 and P ∈ Pic 0 (A/K),
and
Finally, for all P ∈ Pic 0 (A/K),
and similarly,
We have finished the proof of the Claim.
Set Z = a W (W ). Since a W is generically finite onto its image Z and the rank of H Y is 1, the rank of
Now we start to prove Theorem 1. We take the Stein factorization of g:
where p is an algebraic fiber space and q is surjective and finite. Because
, we have that p * H 2 is a nonzero torsionfree sheaf of rank ≥ 1. We can write
and conclude that the rank of F X on Z is ≥ deg(q) · deg(a W ). This implies deg(q) = 1 hence g has connected fibers. This is essentially Hacon and Pardini's proof of Theorem 1.
Similarly, we are going to prove Theorem 2. We first assume that g is not birational. Now by Theorem 1, we know that g • h X is an algebraic fiber space. We denote by X w a general fiber of g •h X . The main ingredient is the following lemma.
Lemma 4 In the above situation, the sheaf
This lemma will be proved later. We first use it to finish the proof of Theorem 2.
Since g : V → W is not birational and g is an algebraic fiber space, dim W < dim V . Hence by the easy addition formula (see Corollary 1.7 in
Since X is of maximal Albanese dimension, X w is also of maximal Albanese dimension, hence P j (X w ) ≥ 2 by Chen and Hacon's characterization of abelian varieties ([CH1] , Theorem 3.2). Then, by Lemma 4, the rank of H X on Z is deg(a W ) · P j (X w ) (≥ 2 deg(a W )), which is a contradiction. This concludes the proof of Theorem 2.
In order to prove Lemma 4, first we need an easy lemma:
Lemma 5 Let X be a smooth projective variety, D 1 a divisor on X with nonnegative Iitaka dimension, and D 2 an effective divisor on X. We have the inclusion:
Proof. Take M > 0 such that |MD 1 | = ∅. Choose a log resolution
where E 1 , E 2 , and E 3 are the fixed divisors and |W 1 |, |W 2 |, and |W 3 | are free linear series. We have
By the definition of asymptotic multiplier ideal sheaves, this proves the lemma.
Proof of Lemma 4. We will reduce Lemma 4 to Proposition 4.7 in [J] . 
where W is a smooth projective variety of general type, the rational map h e Y is a model of the Iitaka fibration of Y , and b c W is generically finite and surjective. Let X be a connected component of X × Y Y , denote by π e X the induced morphism X → X, and denote by f e X the induced morphism X → Y . Denote by k and k e X respectively the morphism g • h X = h Y • f and the map h e Y • f e X . After birational modifications of X, we may suppose that k e X is a morphism such that k e X (E) is a proper subvariety of W , where E is the π e X -exceptional divisor. In all, we have the commutative diagram:
We then take the Stein factorization of k e X :
The important point is that W 1 is still of general type. Again by birational modifications of X and W 1 , we may assume that k 1 : X → W 1 is an algebraic fiber space between smooth projective varieties. According to the following diagram:
By Proposition 4.7 in [J] , the sheaf
has rank P j (X w ). By Lemma 4.4 in [J] , the line bundle (j − 1)K X/W + k * K W has non-negative Iitaka dimension. By Lemma 5,
Therefore,
Since the first and the third sheaves both have rank P j (X w ), so has the second.
An example
Now under the assumptions of Theorem 1, it is natural to expect that f : X → Y might be birational to anétale morphism. However the example below (see also [CH2] ) shows that it is not true in general.
Example 6 Set G = Z rs and let G 2 = sZ rs be the subgroup of G generated by s, with s ≥ 2 and r ≥ 2. Let G 1 = G/G 2 ≃ Z s . Consider an elliptic curve E, let B 1 and B 2 be two points on E, and let L be a line bundle of degree 1 such that B = (rs − a)B 1 + aB 2 ∈ |tmL| with 1 ≤ a ≤ m − 2, (a, rs) = 1. Taking the normalization of the (rs)-th root of B, we get a smooth curve C and a Galois cover π : C → E with Galois group G. By construction, π ramifies at two points, B 1 and B 2 . Following [B] §VI.12, we have dim
. Then, by Proposition 9.8 in [Kol] ,
Let C 1 be the curve
where s−1 i=0 L −(ri) has the subalgebra structure of π * O C . We have a factorization of π:
Then C 1 = C/G 2 , and π 1 is a Galois cover with Galois group G 1 which also ramifies only at B 1 and B 2 . Hence we again have
Finally we take an abelian variety K such that G acts freely on K by translations and set
, where G and G 1 act diagonally. Hence X and Y areétale covers of X and Y respectively. There is a natural finite dominant morphism f : X → Y of degree r. Since its lift f : X → Y is notétale, f is notétale.
Since
3 A complete description of f : X → Y Indeed the above example is not a coincidence. By combining Theorem 2 and Kawamata's Theorem 13 in [K] (see also [J] Theorem 4.2), we obtain:
Theorem 7 Let f : X → Y be a surjective morphism of smooth n-dimensional projective varieties, with Y of maximal Albanese dimension, and let X → V , Y → W be the Iitaka fibrations of X, respectively Y . If P j (X) = P j (Y ) for some j ≥ 2, there exist normal projective varietes V X and V Y which are of general type, abelian varieties A X and A Y , a finite abelian group G which act faithfully on V X and on A X by translations, and a subgroup G 2 of G with
Proof. In the diagram (1), we already know that g : V → W is birational so we may assume that V = W and g is the identity. We then consider the diagram:
Taking 
We denote by H the kernel of this isogeny. Apply thé etale base change B → A/K to diagram (7) and get
where
which are connected because a Y and a V are the Albanese maps, and X = X × Y Y , which is also connected because
Let A X and A Y be the general fibers of h e X and h e Y respectively. We have the induced diagram from (8):
By Proposition 2.1 in [HP] , A X and A Y are birational to abelian varieties. Hence the morphisms α X and α Y are birationally equivalent toétale covers.
Since a e Y and α e Y • f are finite, α X and α Y are also finite. Thus α X and α Y are isogenies of abelian varieties by Zariski's Main Theorem. We denote by G, G 1 , and G 2 the abelian groups A X /K, A Y /K, and A X /A Y respectively. Then
, and V X be the normal variety f
We know that A X and A Y act on X, Y respectively in such a way that f is equivariant for the A X -action on X and the A Y -action on Y (see diagram (7) in [J] ). Furthermore, the actions induce a faithful G-action on V X and a faithful G 1 -action on V Y , and we have an A X -equivariant isomorphism X ≃ (A X × V X )/ G and an A Y -equivariant isomorphism Y ≃ (A Y × V Y )/ G 1 , where G acts on A X × V X diagonally and G acts on A Y × V Y diagonally.
Note that f is equivariant for the A X -action on X and the A Y -action on Y . Then we consider the induced morphism
Then f is equivariant for the G-action on V X and the G 1 action on V Y . Thus V Y = V X / G 2 and f| V X is the quotient morphism. Thus we conclude that A Y = A X / G 2 , V Y = V X / G 2 , and f : X → Y is the quotient morphism (
is also the quotient morphism.
Let 
